In this paper, the problem of stochastic finite-time stabilization is investigated for stochastic delay interval systems. A nonlinear state feedback controller with input-to-state delay is introduced. By employing the Lyapunov-Krasovskii functional method, some sufficient conditions on stochastic finite-time stabilization are derived for closed-loop stochastic delay interval systems using the Itô's differential formula. Suitable nonlinear state feedback controllers can be designed in terms of linear matrix inequalities. The obtained results are finally applied to an energy-storing electrical circuit to illustrate the effectiveness of the proposed method.
Introduction
As is well known, the feedback of real-world systems to external signals is not instantaneous as it is usually affected by a certain time delay. The time delay is an important source of oscillation, instability, and poor performance in practical systems [1] [2] [3] [4] [5] . Therefore, in the past decade, many results have been derived for linear or nonlinear uncertain time-delay systems, and a large number of papers have been published [6] [7] [8] [9] [10] [11] . For example, the cooperative output regulation of discrete-time linear time-delay multi-agent systems under switching network was investigated in Reference [8] . Universal strategies to explicit adaptive control of nonlinear time-delay systems with different structures was discussed in Reference [10] . The stability and stabilization problem for time-delay systems with or without parameter uncertainties have also been addressed by many researchers [12] [13] [14] . An effective approach to stability and stabilization is proposed in Reference [13] for continuous-time Takagi-Sugeno fuzzy systems with time delay.
On the other hand, in real applications, parameters in a dynamical system are not always exactly known as a result of the interference of random factors. For example, in energy-storing electrical circuits, the values of capacitor C, inductor L, and resistances R 1 and R 2 are always in a certain range. Thus, it is of practical significance to study systems where the entries of a system matrix vary randomly on a certain closed interval. Such a system is called an interval system or a stochastic interval system. In recent years, stability and stabilization for stochastic delay interval systems have received increasing attention due to their extensive applications in communication networks, image processes, mobile robot localization, and so on. More recently, a large number of notable results have been reported [15] [16] [17] [18] [19] [20] [21] [22] [23] . For instance, finite-time dissipative control for stochastic interval systems with time delay and Markovian switching was studied and some sufficient matrix transformation
Systems Description and Preliminaries
Consider the following stochastic delay interval system:
where x(t) ∈ R n is the state vector; τ > 0 is the time delay; u(t) ∈ R m is the control input;
is a continuous vector-valued initial function; w(t) ∈ R l is a scalar Brownian motion defined on the complete probability space (Ω, F, P) and satisfies
In System (1),Ȃ is an interval matrix with appropriate dimension, which means
where A = (a ij ) n×n , A = (a ij ) n×n are determinate matrices. Using these matrix transformations like in Reference [17] , we haveȂ
where
Therefore, System (1) can be rewritten as
For System (6), the desired nonlinear feedback controller is designed as follows:
where 0 < α < 1; K,K,K are real matrices; x i (t) ∈ R n , i = 1, 2, . . . , n, sgn(x(t)) = diag(sgn(x 1 (t)), sgn(x 2 (t)), . . . , sgn(x n (t))) T .
Remark 1.
In fact, the control gain matrices K,K,K in the controller u(t) play different roles in ensuring the stochastic finite-time stability of System (6), where K is used to keep the Lyapunov-Krasovskii stability of (6). Furthermore, the convergence of finite-time stability of (6) to zero is determined byK. Finally, the influence of time-delay term on the systems is eliminated byK.
Remark 2.
In order to break the Lipschitz condition, the parameter α is defined in 0 < α < 1. On the contrary, when α ≤ 0 or α ≥ 1, there exists a unique solution for the systems, which contradicts the definition of finite-time stability. Therefore, the parameter α must be in 0 < α < 1.
In this paper, we mainly consider the finite-time stabilization of System (6). To begin with, we introduce the following definitions and lemmas: Definition 1 (Stochastic Settling Time Function (SSTF)). For SDISs (6), define T 0 (x 0 , ω) = in f {T ≥ 0 : x(t, x 0 ) = 0, ∀t ≥ T}, which is called the stochastic settling time function, especially, T 0 (x 0 , ω) = ∞, if x(t, x 0 ) = 0, ∀t > 0.
Definition 2 (Stochastic Finite-Time Stability (SFTS)).
The origin x = 0 of System (1) or (6) are said to the stochastic finite-time stability, if the following two conditions hold:
(i) The origin of System (6) is stochastic stability in probability.
(ii) The origin of System (6) is stochastic finite-time convergent (SFTC), i.e., for any initial conditions φ(s) ∈ Λ, the SSTF T 0 (x 0 , ω) exists, that is E{T 0 (x 0 , ω)} < ∞, for ∀ ∈ R n \{0}. 
then the origin solution of (6) is SFST, and the
Lemma 2 ([41]).
Assume that System (6) admits a unique solution. If there exists a C 2 function V : R n → R + , K ∞ class function µ 1 and µ 2 , positive real constant c > 0 and 0 < r < 1, such that for all x ∈ R n and t ≥ 0,
then the origin solution of (6) is SFTS.
Lemma 3 ([42]).
For given matrices Q = Q T , H and E with appropriate dimensions,
holds for all F(t) T F(t) ≤ I if and only if there exists ε > 0 such that
Lemma 4 ([43]).
(Itô formula) Let x(t) be an n-dimensional Itô Process on t ≥ 0 with the stochastic differential
is a real valued Itô process with its stochastic differential given by
.
Finite-Time Stabilization for Stochastic Delay Interval Systems
Theorem 1. If there exist a real matrix Y, and a symmetric positive-definite matrix X, some positive constants
then the close-loop control system (6) is finite-time stabilizable. In this case, the parameters of the controller are given as K = YX −1 ,K TK > 0,K TK > 0, and the setting-time function can be estimated by
Proof. Construct the following Lyapunov-Krasovskii functional candidate as
From Itô formula of Lemma 4, we have
By means of Itô formula, one has
By using Lemma 3, we can get
Hence, (11) can be written as
By the Schur complement, we have
Applying Lemma 3, we have that Σ < 0 is equivalent to the following matrix inequality
Set J = (X, X, I, I, I, I) with P −1 = X and KX = Y. Multiplying by J T and J, respectively, on both sides of the matrix in (15) , by the Schur complement, we readily obtain (8) from (15) .
On the other hand, it follows directly from (11) that
Thus, according to Lemma 1, the system (6) is SFTS via the nonlinear delay-feedback controller (7). Moreover, from Lemma 1, the SSTF satisfies
The proof is completed.
Remark 3.
In the proof of Theorem 1, the specific Lyapunov-Krasovskii function is determined by the particularity of the controller. In order to reduce the conservatism of the controller, minor changes are made to the controller. Therefore, it is as follows:
where 0 < α < 1, K,K,K, P −1 , Q are real matrices, x i (t) ∈ R n , i = 1, 2, . . . , n, sgn(x(t)) = diag(sgn(x 1 (t)), sgn(x 2 (t)), . . . , sgn(x n (t))) T .
Theorem 2. For the given ε 1 , ε 2 , ε 3 > 0, if there exist a real matrix Y and a symmetric positive-definite matrix X such that
Proof. Construct the Lyapunov-Krasovskii functional as follows:
It can be derived by Itô formula that
On the basis of Theorem 2, we know that Π < 0. So, we can get
Thus, according to Lemma 1, the SDISs (6) are SFTS via the nonlinear delay-feedback controller (18) . Furthermore, from Lemma 1, the SSTF satisfies
Application to the Energy-Storing Electrical Circuit
In this section, as an application of above results on finite-time stability, we consider an energy storage circuit. Figure 1 shows an energy-storing electrical circuit, which includes power source E, capacitors C, inductor L, and resistance R 1 , R 2 . There is only one capacitor connected in the circuit. In this circuit, when the power supply voltage is E and the switch S is turned off, the capacitive element begins to store energy, and the inductor also begins to replenish energy, and finally reaches stability. However, it is impossible to get the exact value of the capacitor C, inductor L, and resistances R 1 , R 2 in practical application, but the approximate value is available. Assuming the capacitor C, inductor L, and resistances R 1 , R 2 are linear and time invariant, and the exact value of the capacitor, inductor, and resistances are C, L, R 1 , R 2 , respectively. Whilst at the same time, the measured value are C ± C, L ± L, R 1 ± R 1 , R 2 ± R 2 . Then, we can model them as
where, i and U denote the electric current and the electric tension across an element. Taking x 1 (t) = U C (t) and x 2 (t) = i L (t) as the state variables, u(t) = E as the excitation. According to the basic electrical circuits laws, we havė
When the switch S is closed, System (26) can be written as
It is well known that a time delay is inescapable in modeling systems, which is very common in manual control, nuclear, reactor, and communication networks. It may lead to instability and oscillation. Undoubtedly, in the energy-storing electrical circuit illustrated in Figure 1 , a time delay is inevitable. Meanwhile, if we pay attention to the structural uncertainty, stochastic disturbance must be considered. Therefore, the above systems can be written as
where x(t) ∈ R n is the state vector; τ > 0 is the time delay; u(t) ∈ R m is the control input; w(t) ∈ R l is a scalar Brownian motion defined on the complete probability space (Ω, F, P) and satisfies
Similar to the matrix transformation of System (1), System (28) can be rewritten as
Thus, the nonlinear delay-feedback controller is as follows:
where 0< α <1,K,K,K, P −1 , Q are real matrices, x(t) = (x 1 (t), x 2 (t), . . . , x n (t)) T ∈R n , sgn(x(t)) = diag(sgn(x 1 )(t), sgn(x 2 (t)), . . . , sgn(x n (t))) T .
A Criterion on Finite-Time Stabilization
Theorem 3. For the given ε 1 , ε 2 , ε 3 , ε 4 > 0, if there exist a real matrix Y, and a symmetric positive-definite matrix X such that
then the close-loop control system (29) is finite-time stabilizable. In this case, the parameters of the controller are given as
Proof. Construct the following Lyapunov-Krasovskii functional as follows:
Similar to the proof of Theorem 2, we can get
Thus, according to Lemma 1, System (29) is SFTS. Furthermore, from Lemma 1, the SSTF satisfies
Remark 4.
To design an appropriate controller (30) for stochastic energy-storing electrical circuit (29) , that is to determine K,K,K, an algorithm is given as follows:
1.
For the given parameters in stochastic energy-storing electrical circuit (29) ,
Solve LMI (31) , get the positive matrices X, Y, and calculate K = YX −1 .
3.
Choose appropriate matricesK andK, such that .
Simulations
For the energy storage circuit in Figure 1 , suppose that C = 6 × 10 3 µF, ∆C = 0.2 × 10 3 µF, L = 0.2 H, ∆L = 0.01 H, R 1 = 1 Ω, ∆R 1 = 0.01 Ω, R 2 = 800 Ω, ∆R 2 = 10 Ω. According to (27) and (28) Figures 2 and 3 , no matter how the initial conditions are taken. That means the energy-storing electrical circuit with time delay and stochastic disturbance is not SFTS according to the terms of Definition 2, which is also illustrated by the phase planes in Figures 4 and 5 . To finite-time stochastic stabilize the stochastic energy-storing circuit with time delay, the controller in the form of (30) has to be presented. Therefore, from the algorithm in Remark 4, the feasible solutions for LMI (31) (34) E{T 0 (x 0 , ω)} ≤ 6.4836.
Taking different initial conditions, the state trajectories of the closed-loop systems always converge to zero when t ≥ E {T 0 (x 0 , ω)} = 6.4836, which can be figured out in Figures 6 and 7 . That is to say, the stochastic energy-storing circuit with time delay is stochastic finite-time stable in terms of Definition 3, which also can be proved using the phase planes of Figures 8 and 9 .
If the time-delay term of the controller (30) is removed, that is u(t) = −Kx(t) −K|x(t)| α sgn(x(t)), the state trajectories of the stochastic energy-storing circuit with time delay are impossible to converge to zero when t ≥ E {T 0 (x 0 , ω)} = 6.4836, which is shown in Figure 10 . Hence, our given results are correct and the proposed controller is effective. 
Conclusions
In this paper, the finite-time stabilization problems for stochastic interval systems with time delay were investigated. The Lyapunov-Krasovskii functional and the Itô's formula were employed to derive some sufficient conditions such that the closed-loop system associated with a nonlinear state feedback controller was finite-time stochastic stable, which is different from the existing finite-time stochastic boundedness. The proposed control method was also applied to an energy-storing electrical circuit, in which not only the error of electronic components, but also the stochastic disturbance were considered. Various simulations have shown that the obtained results are correct and the proposed controllers are effective. In future work, we will focus on extending the proposed method to offshore platforms [44] and repetitive control systems [45, 46] . 
